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Abstract-In this letter, it is shown that the centred box discretization for Hamiltonian PDEs with 
m 2 2 space dimensions is multiaymplectic in the sense of Bridges and Reich in [l-6]. Multisymplectic 
discretlzations for the generalized KP equation and the wave equation with 2 space dimensions, 
respectively, are given. A multisymplectically numerical scheme of the wave equation is derived. 
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The multisymplectic integration of infinitedimensional Hamiltonian systems is introduced and 
studied in [l-lo]. Its numerical superiority is obvious [5,6,10]. In [5], it is shown that the centred 
box discretization 
M ‘i+W,j+l - %+1/2,j zi+l,j+l/2 - zi,j+l/2 
At Ax > 
= vzs(zi+1/2,j+1/2) 0) 
of a system of Hamiltonian partial differential equations (PDEs) 
Mzt + Kzz, = V,S(a), z E R”, (2) 
with only one space dimension is multisymplectic, where 
G+l/Z,j = a (G,j + 5+l,j) 7 G,j+l/2 = i (G,j + .Zi,j+l) Y 
M and K are skew-symmetric on R”, n 2 3, and S : Rn -+ R is a smooth function (at least 
twice continuously differentiable). A natural conjecture, which is obvio~ly significant in SOme 
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applied fields [ll-191, given in [5] is that the above multisymplectic box scheme extends to a 
multisymplectic box scheme for a system of Hamiltonian PDEs 
Mzt + 2 Kkzz, = V,S(z), 
k=l 
z E R", n L 3, (3) 
with m 2 2 space dimensions, where m is the number of independent space directions which will 
be denoted by zk, and M, Kk are n x n skew-symmetric matrices, S : Rn + R is a smooth 
function (at least twice continuously differentiable), the gradient of S is with respect to an inner 
product on R” which will be denoted by (a, s) throughout. 
The purpose of this letter is to complete this extension, and give multisymplectic discretiza- 
tions for the generalized KP equation [11,12,15-17,18-201 and the wave equation with 2 space 
dimensions [13], respectively. Based on this, we also present a multisymplectically numerical 
scheme for the wave equation. 
Associated with (3) are m + 1 differential two forms defined by 
w (U, V) = (MU, V) and kk(U, v) = (K& v) , 
for any U, V E R”, k = 1,2,-a* , m. System (3) conserves symplecticity 
gw(v,v) +c :, &fik m V) = 0, (4) 
where U and V are any pair of solutions of the variational equation associated with system (3) 
Mdz, + 2 Kkdhr. = D,,S(z)dz, 
k=l 
dz c R”. (5) 
In order to define the multisymplectic integrator of system (3), we introduce a uniform grid 
(%,,Xi*,*.* ,xi,&) E Rm+’ with mesh-length At in the t-direction and mesh-length Axk in the 
xk-direction (Ic = 1,2,. . , ,m). The value of z(xr, x2,. . . , xm, t) at the mesh point (zil, qa,. . . , 
xi,,, , tj) is denoted by Gl,is ,..., i,,j* A numerical discretization of system (3) can be written 
schematically as 
M@‘jzIi,j + 2 Kkd2;jzri,j = (VZS (Zli,j))ri,j , (6) 
k=l 
where zId,j = zil,ia,ig ,..., i,,j, that is, Ii denotes the multi-index ir,&,is, . . . ,i,, and a, 
IiJ and 
a$$ are discretizations of the derivatives at and a,, , respectively. 
A discretization of the conservation law (4) of symplecticity can be written schematically as 
follows: 
a$~jwIi,j + = 0, 
k=l 
where 
WIi,j = (MUI;,jv l,,j) 1 KF;,j = (KkuIi,j, vIi,j) 7 lc = 1,2, 
{UI+,j} and {VI;,j} satisfy the discrete variational equation 
. . . 
(7) 
,m, 
Ma,““dzli,j + c Kka:;jdq,j = D~~jS(z~+,j)dz~;,j, 
k=l 
(8) 
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DEFINITION 1. The numerical scheme (6) is called a multisymplectic integrator of system (3) 
if (7) is a discrete conservation law of (6). 
Now we give the main result of this letter. Analogous to the case of m = 1 (see [5]), concate- 
nating the m + 1 midpoint rules leads to the following discrete version of system (3) 
M z*i+~~2,j+l - zIi+l,p,j ‘1(+1/2)i,+l,j+l/2 
At f&k 
- ‘I(+1/2)i,,j+l/2 = v 
A% 
* 
s z 
I+l/,,j+l/2 7 > (9) 
k=l 
where 
= f (‘il,iz+l/Z,...,i,+l/2,j + &l+l,iz+l/2 ,, , .,i.,,+1/2,j ) 
= f (%,iari3+1/2 ,...&+1/2,j + %l,iz+l,i3+l/2 ,...,i,,+1/2,j 
+Zil+l,ia,i3+l/2 9.4,,+U2,j + zi,+l,iz+l,i.3+1/2,...,i,,,+l/2,j ) 
= . . . = $ (%,iz, . . . . irn,j + ” ’ + zil+l,iz+l ,.,., i,,,+l,j) , 
1 
‘L,j+llZ = 5 (zil,iz ,..., i ,,,, j + Gl,iz ,..., i,,,j+l) , 
‘I(+lP). ,,j ‘I = %1+1/2 ~...,il-l+1/2,ik,iL+1+1/2,...,~~,~1/2,j, 
zI(+l/2),h+,,j = %+1/2,..., ib-1+1/2,ik+l,ih+l+l/2 ,..., i,,,+lP,j. 
THEOREM 1. The above box discretization (9) is multisymplectic: in each box the discretization 
satisfies 
k 
w*i+l,2,j+l - WI+,,2,j m K*(+l12)i,+t,j+l/2 
At +c - Kf(+1/2)ik ,j+1/2 Axrc - 0, - (10) k=l 
where 
WI.;,j = (MUIi7j, vIi,j) nZ,j =(KkUIr,j,Ki,j), k=1,2,...,m, 
UI,,j and VI, ,j are any two solutions of the discrete variational equation associated with (9). 
PROOF. The discrete variational equation associated with (9) is 
M dZ*i+l,a,j-t-l - dzI;+,,,,j +g& dz*(+1/2)~,+l,j+1/2 - dzI(+l/2),,,j+l/2 At 
k=l Ax:, (11) 
= A*;+l,z,j+1/2dZIi+,,2,j+1/2, 
where A*i+l,z,j+1/2 = DzzS(zIg+l,p,j+l/2 )* NOW let ur;,j and Vr;,j are any two solutions of the 
discrete variational equation (11). We have 
w c UIi+l,2J+l - uIi+l,2J, VIi+l,a,j+l/2 - W > c VI,+l12,jfl - Vli+,,2,jr U I,+w,j+W > 
= w U1+-w3j+l~ vI,+,,2,j+1/2 - w uIi+lp,j5 VIi+1,2,j+1/2 - W VI~+~,~,~+~, U c > c > c L+v2,j+1/2 > 
+ w vIiflp,j7 UIi+l,~,j+l/2 ( > 
= ; (w(U 
L+lmj+lT Ei+va,j+l) + w (“li+l,l,j+l,~~+l,z,j) - W (Uli+l,2,j, fii+l,a,j+l) 
- w (“b+w2,j7 vIi+l,l,j ) - w (fid+l/Z~j+ly u~d+l,~lj+l) - w (vli+l,a,j+ll Uli+l,2,j) 
+ w (~i+wTj~ ‘~i+~/a,j+l) + w (hi+l,a,j, UIi+l,a,j)) 
= 
w (“I,+,,2,j+17 V. I,+wyj+l) - w (UIi+lp,j9 b;+l,l,j) 
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and 
Kk ( uI(+l/2)i,+,,j+1/2 - uI(+l12)i,,j+l/29 ‘Ii+l/a,j+1/2 > 
- K,k ( Q+1/2)+k+,gj+1/2 - K(+1/2)il;,j+l/2, UIi+l,a,j+l/2 > 
= 
&lc uI(+11%+lvj+1/2~ Qi+l,hj+1/2 - Kk uI(+1/2),,,j+1/2y VIi+,,l,j+1/2 ( ) ( ) 
- lCk ( v1(+112)i,+1,j+1/2uIi+l,l,j+1/2 ) ( + lEk v1(+1/2)ih ,j+1/2, Ulifl,l,j+l/l ) 
1 
=- K 
k 2 ( ( Ux(+1/2L+,~j+1/2r b+1/2li,+,,j+1/2) + 6’ (“I~+1/2)ik+l,j+l/2, VI(+l/2)i,,j+l,2) 
- Kk U1(+1/%,lj+1/2~ b(+1/2),,+,,j+1/2 - K,’ uI(+1/2),,,j+1/2, V1(+1,2~,,,j+1,2 ( ) ( ) 
- Kk 
( v1(+W)ik+19j+1/2~ ‘I(+1/2)ik+l,j+1/2 - Kk > ( V1(+1/2),,+l,j+1/2r uI(+Wik ,j+l/Z > 
+Kk v1(+l/2)ik lj+l/2r ‘I(+l/2),,+,,j+l/2 ( ) ( + lck b(+l/2)ik ,j+1/2, U1(+1,2~ik ,j+l,2 >> 
= lCk ‘I(+l/2)ik+l,j+1/2, vI(+1/2),k+,,j+1/2 ( > ( - lck ‘I(+1/2)ik ,j+1/2, v1(+1/2)ik ,j+l/2 . > 
We take the inner product of U~i+llp,j+l/2 with (11) evaluated at Vli,j, and take the inner 
product of vId+1,2,j+1/2 with (11) evaluated at UIi,j, then subtract these two equations. It 
follows that 
( vk+1,2,j+1/2~ AI,+l,l,j+1/2UIi+l,a,j+1/2 > ( - UIi+l,-a,j+l/29 Al,+l,a,j+l/2VI~+l,p,j+1/2 > 
UIi+l/a,j+l - uIi+l,a,j VIi+l,ad+l - vI++l/l,j 
ni? At 
+ 2 &+,,~,j+1/2, Kk uI(+1/2)ik+l,j+1/2 - uI(+V%, ,j+W 
k=l Axk > 
b+1/2)i,+l,j+1/2 - %(+1/2)i,,j+l/2 
Ax/c >) 
1 
= - w At ( ( uk+l,2,j+l - UIi+l,~,j9 vIi+l/p,j+1/2 - W ) ( 
VIi+l,2,j+l - Vli+~,a,j, UI~+~,~,~+~,~ )) 
(u I(+1/2)i,+lfj+1/2 - uI(+1/2)ih,j+1/2~ VIi+l,a,j+1/2 
-ICk ( b(+1/2)i,+*,j+l/2 - vI(+1/2),,,j+1/2* UI+_,,,,j+1/2 >> 
. 
This means that 
+ I2 L (Kk (cTI(+1/2)i*+lsj+l/2~ %+ll2)i,+l,j+ll2) - ICk (UI(+l/2)ik,j+1/2r vI(+1/2)i,,j+1/2)) 
k=l Axk 
= uIi+w,j+1/2~ 
where AT Ii+l,2,j+1/2 is the transpose matrix of the symmetric matrix Ali+l,arj+l12. The proof is 
finished. 
REMARK 1. 
1. The theorem is a basic result of multisymplectic discretization for Hamiltonian PD& with 
multispatial dimensions and can also be derived by the same method as in [6]. 
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2. A similar result to the theorem holds for nonautonomous Hamiltonian PDE 
M(x,t)zt+~Kk(x,t)z,, = V*S (G x, t) , z E R”, xcRm, 7-h L 3, 
k=l 
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where M(x,t), Kk(x,t) are n x n skew-symmetric matrices, S : R” x R x R + R is a 
smooth function (at least twice continuously differentiable), and 
Mt = (Kk),, = 0, forIc=1,2 ,..., 772. 
EXAMPLE 1. In both theoretical and practical fields, the generalized KP equation, 
d 
G ( 2au t+&f(U)+$) +&o, 1 2 (12) 
is important (see [11,12,14-16,18-20]), h w ere 0 is a nonzero parameter, f(u) is some smooth 
function. Now we give its multisymplectic discretization. Following [3], equation (12) can be 
written as a multisymplectic form. In fact, we define ql, qz, q3, and p3 by 
and define PI, ~2, ~4 by 
8P3 8P2 dP4 ----g_ 
pl=- dt 8x1 8x2’ 
p2 = f (p3) + g + 
&3 
z - 
1 
2, 
2 
Then equation (12) is equivalent to 
8P4 8P3 --- 
ax1 ax2 
=o and ap1 -0 
aS,-. 
Let Z= i [I E R4 X R4, Q = (Q1,42,43,dT, and p = (pl~p27p3~p4)T. Then 
MZt + KIZ,, + KzZ,, = VzS (2) , Z E R’, 
where 
M= 
1 
0 0 0 0 -1 0 
0 0 0 0 0 -1 
K1 = 
000000 0 0 
0 0 0 0 0 0 -1 0 
000000 0 0 
000000 0 0 
000000 0 0 
000000 0 0 
010000 0 0 
000000 0 0 
0000 0 0 -1 0 
0000 0 0 0 -1 
1000 0 0 0 0 
01000 0 0 0 
0010 0 0 0 0 
.00010 0 0 0 
, K2 = 
000 0 000 0 
000 0 001 0 
000 0 000 0 
000 0 000 0 
0 0 0 -10 0 0 0 
.o 0 0 0 0 0 0 0 
(13) 
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and 
s (2) = plq2 + p2p3 + &: - ;& - F (~3) 3 F(u) = 
s 
oYf (s) ds- 
Theorem 1 tells us that the centred box discretization for system (13) 
~zil+V2,is+l/2,j+l - Zi1+1/2,ig+l/2,j 
+Kl 
Zil+Lia+1/2,j+1/2 - zil,is+1/2,j+1/2 
At AXI 
(14) 
+K2 
‘i*+1/2,iz+l,j+1/2 - zi1+1/2,is,j+l/2 
Ax2 
= vzs (zil+l/2,i,+l,2,j+l/2) 
is multisymplectic. The above discretization can be seen as a multisymplectic discretization 
of (12). In [7], authors eliminate all variables except ps and derive a multisymplectically numerical 
scheme for (12) with 45 points. The corresponding multisymplectically numerical experiment of 
the KP equation will be given in [7]. 
EXAMPLE 2. Now we consider the wave equation 
utt - uxx - ‘Ilyy = V(X,Y)U, (15) 
where v is a continuous function. The equation arises in inverse problems [13]. Its multisymplectic 
form is the following: 
Mzt + Klzz + K24 = V,S (z, z, y, t) , (16) 
where z = (u,ut,us,uy)T, 
K2 = 
It follows, from the Theorem 1, that a multisymplectic discretization of (16) is 
M %+l,j+1/2,k+1/2 - %,j+l/2,k+l/2 +Kl 
%+1/2,j+l,k+1/2 - %+1/2,j,k+1/2 
At Ax 
%+1/2,j+1/2,k+l - zi+1/2,j+1/2,k 
(17) 
+K2 
AY 
= VzS (zi+l/2,j+l/2,k+1/2v Xj+l/2v Yk+1/2, $+1/2) I 
By some straightforward calculation, we eliminate ut, uZ, uv in (17), derive the following multi- 
symplectic scheme of (15) 
& [(‘f”) j,k ’ (6:u) j+l,k + (‘f”) j,k+l + (‘f”) j+l,k+l] 
-& [(+)i,k + (s:u)i+l,k + (‘:“)i,k+l + (~~“)i+l.k+l] 
-& [(6:u),,j + Cgiu)$+l,j + (6:u)i,j+l + (G”)i+l,j+l] = F(v’u)’ 
(18) 
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where 
and 
(&)j k = %+2,j+1/2&+1/2 - 2ui+l,j+1/2,k+1/2 + %j+1/2,k+1/2, 
(6z21)i k = ‘%+1/2,j+2,k+1/2 - 2ui+1/2,j+l,k+1/2 + %+1/2,j,k+1/2, 
(@)i j = %+1/2,j+1/2,kC2 - %+1/2,j+1/2,k+l + %+1/2,j+1/2,k, 
F cVy u, = ‘U (xj+l/2, Yk+1/2) %+1/2,j+1/2,k+1/2 + 21 (5j+1/2, Yk+1/2) %+3/2,j+1/2,k+1/2 
sv (xj+3/2~ Yk+1/2) Ui+1/2,j+3/2,k+1/2 + V (xj+3/2, Yk+l/Z) Ui+3/2,j+3/2,k+1/2 
-b (xj+l/2, Yk+3/2) %+1/2,j+1/2,k+3/2 + 21 (xj+l/21 Yk+3/2) Ui+3/2,j+1/2,k+3/2 
i-V (xji-3/2, Yk+3/2) %+1/2,j+3/2,kf3/2 + V (xj+3/2y Yk+3/2) %-I-3/2,j+3/2,kf3/2* 
REMARK 2. Obviously, the numerical scheme derived from Theorem 1, in general, is implicit and 
has very good numerical stability in the computation of long time. Thus, a natural open problem 
is: do there exist explicitly multisymplectically numerical schemes for the partial differential 
equation which can be written as a multisymplectic form ? If the answer is yes, the question is: 
how do we derive such schemes? 
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